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The eccentric connectivity index &G) of the graph G is defined as §(G) = Z,c () deg(u)&(u) where deg(u) de-
notes the degree of vertex u and &(u) is the largest distance between u and any other vertex v of G. In this paper an
exact expression for the eccentric connectivity index of an armchair polyhex nanotube is given.
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EKCHEHTHUPYEH NHJIEKC HA ITIOBP3YBAIBE HA HAHOLIEBKH
CO ®OPMA HA NOJTMXEKCAT'OHAJIHA ®OTEJIJA

Excuentpuyen uniekc Ha nospsysame &(G) Ha rpador G e nedunupan xako §(G) = e yq) deg(u)&(u), kane
deg(#) ro 03HauyBa CTENEHOT HA TEMETO U, a &) € HAJrOJIEMOTO PACTOjaHUe MOMery u 1 Koe OHIIO IPYro TeMe v o1
G. Bo 0BOj Tpyn € M3BE/ICH €r3aKTeH M3pa3 3a eKCLCHTPUYCH HHCKC Ha MOBP3yBamhe Ha HAHOLEBKH cO (opma Ha

MOJIMXEKcaroHainHa GoTeja.

Kiry4Hu 360poBH: eKCLEHTPUYCH HHACKC Ha MOBP3yBakbe; HAHOLEBKA co GopMma Ha poTtemja

1. INTRODUCTION

The graph theory has successfully provided
chemists with a variety of very useful tools, name-
ly, the topological index. A topological index is a
numeric quantity of the structural graph of a mole-
cule. This graph has atoms as vertices and two at-
oms are adjacent if there is a bond between them.

Suppose u and v are vertices of the graph G.
We define their distance d(u, v) as the length of the
shortest path connecting u and v in G. For a given
vertex u of V(G) its eccentricity &u) is the largest
distance between u and any other vertex v of G.
The maximum eccentricity over all vertices of G is
called the diameter of G and denoted by D(G) and
the minimum eccentricity among the vertices of G
is called radius of G and denoted by R(G). The set
of vertices whose eccentricity is equal to the radius
of G is called the center of G. It is well known that
each tree has either one or two vertices in its cen-

ter. The eccentric connectivity index &G) of the
graph G is defined as &(G)=3, ;¢ deg(u) &(u)

[1-3]. The mathematical properties of this topo-
logical index are studied in some recent papers [4—
9].

In some research papers [10-16], the authors
have computed some topological indices of arm-
chair nanotubes. The aim of this article is to conti-
nue this problem and compute the eccentric con-
nectivity index of an armchair polyhex nanotube,
Figure 1.

2. MAIN RESULTS

In this section, the eccentric connectivity in-
dex of the molecular graph of an armchair polyhex
nanotube TUVCq[p,q] is computed, where p is the
number of rows in 2D perception of TUVCg[p,q]
(Figure 2), and ¢q is the number of vertical crenels.
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For simplicity, we denote this nanotube by 7=
T1p,q]- Notice that g is even. Set E = E(T) and V' =
V(T). Obviously, |V] =pqg and |[E| = (p — 1)g + pq/2
= (3/2p — 1)q. To compute the eccentric connec-
tivity index of this nanotube, two cases p is odd
and even are considered.

12" rove

uath
247 row

Fig. 2. An armchair polyhex lattice with p = 15 and ¢ = 8

Theorem 1. Suppose that p is odd. Then

*Bp-2) p=di
2
£(G)= %q3+%q2+2q—5qp+3qp2 %+1<p£q—l

9 o2 7 39 25
- ——qp+— -q~+= 2q+1
4‘117 qu qu q 4‘1 p=9q
Proof. We first notice that if x and y are ver-
tices in the same row of nanotube then &(x) = &()).
Consider three cases that (i) p < ¢/2 + 1; (ii)

q2+1<p<gq-1;and, (iii) p 2 g + 1. Suppose

p < q/2 + 1. From Figure 3a, one can see that for
every vertex x, &x) =q. lf p>q+ 1 then (p + g —
1)/2 <g(x) <p + g/2 — 1. In this case, if x is a ver-
tex of (p + 1)/2" row of T then &x) = (p + g — 1)/2.
Also, by choosing a vertex y from the i or (p — i)™
row of T, one can see that &y) = p + ¢/2 — i. Fi-
nally, we assume that g¢/2 + 1 <p <g—1. Then g <
&x) <p + q/2 — 1. From Figure 3b, there are (¢ — p
+ 2) rows with eccentricity ¢g and for each 7, 1 <i <
p —q/2 — 1, there are two rows with e=p + ¢/2 —i.
Apply these calculations to prove the following
equations:

()p<q2+1

EG)=2|2¢> +3¢% +..+3¢° |+3¢* =¢*Bp-2)
(p-3)/2

(ii)%+l<p£q—l

E(G) =3¢ (g—p+2)+2[(2q(p+g/2-1))
+(3qg(p+ql2—1-1)+...

+Bq(p—q2-1-(p-q/2-1-1))]

=%q3 +%q2 +2q+5qp+3qp2

(i) p>g+1

§(G)=2[2q(p+%—1)+3q(p+%—1—1)
tot3g(p+g2—1-(p=1)/2-1)]+

q p-l
+3q(p+=—-1-—
9P+ 7
B8 o 14 32, 2.3
8qp 4qp 2‘] pP—q 4q
This completes our proof. u

In Table 1 we consider the case that g is even
and the eccentricities of vertices (one vertex from
each row) in some nanotubes with small parame-
ters of p and ¢ are computed. In Table 2, for some
nanotubes with small parameters p and g, the
number of rows with eccentricity ¢ is given. Our
calculations given in the proof of Theorem 1, re-
sult from these tables.
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Table 2

The number of rows with eccentricity q,
when p is odd

Table 1
The eccentricity of T[p,q](p is odd) for some

viues of p and q

The type of tubes The sequence of eccentricities

TUVCs [3,6] 6,6,6

TUVCq[5,6] 7,6,6,6,7

TUVCs[7,6] 9,8,7,6,7,8,9

TUVCq[9,6] 11,10,9,8,7,8,9,10,11

TUVC,[11,6] 13,12,11,10,9,8,9,10,11,12,13
TUVCe[13,6]  15,14,13,12,11,10,9,10,11,12,13,14,15
TUVC[15,6] 17,16,15,14,13,12,11,10,11,12,13,14,15,16,17

TUVCs[3,8] 8,88
TUVCs[5,8] 8,8,8,8,8
TUVCs[7.8] 10,9,8.8,8,9,10

TUVCs[9,8] 12,11,10,9,8,9,10,11,12
TUVC,[11,8] 14,13,12,11,10,9,10,11,12,13,14
TUVG[13,8]  16,15,14,13,12,11,10,11,12,13,14,15,16
TUVC,[15.,8] 18,17,16,15,14,13,12,11,12,13,14,15,16,17,18
TUVC,[3,10] 10,10,10

TUVC;[5,10] 10,10,10,10,10

TUVC[7,10] 11,10,10,10,10,10,11
TUVC,[9,10] 13,12,11,10,10,10,11,12,13
TUVCs[11,10] 15,14,13,12,11,10,11,12,13,14,15
TUVG[13,10]  17,16,15,14,13,12,11,12,13,14,15,16,17
TUVC,[15,10]19,18,17,16,15,14,13,12,13,14,15,16,17,18,19
TUVC,[3,12] 12,12,12

TUVC[5,12] 12,12,12,12,12

TUVC,[7,12] 11,10,10,10,10,10,11
TUVC[9,12] 14,13,12,12,12,12,12,13,14
TUVC,[11,12] 16,15,14,13,12,12,12,13,14,15,16
TUVC,[13,12]  18,17,16,15,14,13,12,13,14,15,16,17,18
TUVC,[15,12]20,19,18,17,16,15,14,13,14,15,16,17,18,19,20

TUVC[3,14] 14,14,14
TUVC,[5,14] 14,14,14,14,14
TUVC4[7,14] 14,14,14,14,14,14,14
TUVC4[9,14] 15,14,14,14,14,14,14,14,15

TUVCy[11,14] 17,16,15,14,14,14,14,14,15,16,17
TUVC[13,14]  19,18,17,16,15,14,13,14,15,16,17,18,19
TUVC4[15,14] 21,20,19,18,17,16,15,14,15,16,17,18,19,20,21
TUVC4[3,16] 16,16,16

TUVC4[5,16] 16,16,16,16,16

TUVC4[7,16] 16,16,16,16,16,16,16
TUVC4[9,16] 16,16,16,16,16,16,16,16,16
TUVCy[11,16] 18,17,16,16,16,16,16,16,16,17,18
TUVC,[13,16]  20,19,18,17,16,16,16,16,16,17,18,19,20
TUVC[15,16] 22,21,20,19,18,17,16,16,16,17,18,19,20,21,22
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W

330 0 0 0 0 O O O0 o0
8 35 3 0 0 0 O O O O O
10 35 5 3 0 0 0 0 O 0 O
12 35 75 3 0 0 0 0 0 O
14 3 s 7.7 5 3 0 O O 0 O
16 35 79 7 5 3 0 0 0 0
18 35 79 9 7 5 3 0 0 0
20 35 7.9 11 9 7 5 3 0 0
22 35 7 9 1 1 9 7 5 3 0
24 35 7 9 11 13 11 9 7 5 3
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(b) (c)

Fig. 3. The longest path containing a vertex at the first row,
whenpisoddand (@) p<g/2+1; (b)g2+1<p<qg-1;
(©pzg+l

Theorem 2. Suppose that p is even. Then

7*Gp-2) P+l
_J3 5 15 _ 2 9
£(G)= 4q +2q +2g—5qp+3qp 2+1<q+2
9 7 3 2 2 5
- ——qp+— -q° +— >2q+2
4qP 29]’ qu’ q 4q p=9q

Proof. We notice again that if x and y are ver-
tices in the same row of the nanotube then &x) =
&y). In the same way as Theorem 1, we consider
three separate cases that (1) p < ¢/2 + 1; (ii) ¢/2 + 1
<p <gq+2;and, (iii) p = g + 2. From Figures 4a-c
and a similar method as Theorem 1, we have,
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(1) p<q/2+1
EG)=2|2¢> +3¢* +..+3¢° |=¢*(Bp-2)
%’_/

B

(ii)%+l<p<q+2

E(G)=3¢7(q—p+2)+22¢(p+q2-1)
+3g(p+q/2—-1-1)
+..+3q(p+q2-1(p—ql2-1-1))]

1
=%q3 +5q2 +2q —5qp +3gp”

(iii) p>q+2

E@)=2[qg(p+q/2-1)+3q(p+q/2—-1-1)
+3q(p+g2-1-2)+...

+3g(p+qgl2—-1—-(p/2-1))]
2 7 9 2,35
=—q ——qp+2q+— +—
q 5 qp + 49 2 qap 5 qp
This completes our argument. u

In Table 3 we consider the case that g is odd
and the eccentricities of vertices (one vertex from
each row) in some nanotubes with small parame-
ters of p and g are computed. In Table 4 we com-
pute the number of rows with eccentricity ¢, for
some nanotubes with small parameters p and q.
Our calculations given in the proof of Theorem 2,
result from these tables.

peleel

(a

(b)

Fig. 4. The longest path containing a vertex at the first row,
whenpisevenand (a)p<g/2+1; (b)g2+1<p<q+2;
©pzq+2

Table 3

The Eccentricity of T[p,q] (p is even),
for some values of p and q.

The type of The sequence of eccentricities
tubes

TUVC¢[4,4] 5,4,4,5

TUVCq[6,4] 7,6,5,5,6,7

TUVCq[8,4] 9,8,7,6,6,7,8,9
TUVC4[10,4] 11,10,9,8,7,7,8,9,10,11
TUVCq[12,4] 13,12,11,10,9,8,8,9,10,11,12,13
TUVCq[14,4] 15,14,13,12,11,10,9,9,10,11,12,13,14,15
TUVC([16,4] 17,16,15,14,13,12,11,10,10,11,12,13,14,15,16,17
TUVCy[4,6] 6,6,6,6

TUVCq[6,6] 8,7,6,6,7,8

TUVC4[8,6] 10,9,8,7,7,8,9,10
TUVC,[10,6] 12,11,10,9,8,8,9,10,11,12
TUVCq[12,6] 14,13,12,11,10,9,9,10,11,12,13,14

TUVC[14,6]  16,15,14,13,12,11,10,10,11,12,13,14,15,16
TUVC([16,6] 18,17,16,15,14,13,12,11,11,12,13,14,15,16,17,18

TUVCy[4,8] 8,8.8.8
TUVC4[6,8] 9,8.,8,8,8,9

TUVCy[8,8] 11,10,9,8,8,9,10,11
TUVC4[10,8] 13,12,11,10,9,9,10,11,12,13
TUVCy[12,8] 15,14,13,12,11,10,10,11,12,13,14,15
TUVC[14,8] 17,16,15,14,13,12,11,11,12,13,14,15,16,17
TUVCy[16,8] 19,18,17,16,15,14,13,12,12,13,14,15,16,17,18,19
TUVCy[4,10] 10,10,10,10

TUVC4[6,10] 10,10,10,10,10,10

TUVCy[8,10] 12,11,10,10,10,10,11,12
TUVC6[10,10] 14,13,12,11,10,10,11,12,13,14
TUVC{[12,10]  16,15,14,13,12,11,11,12,13,14,15,16
TUVC,[14,10] 18,17,16,15,14,13,12,12,13,14,15,16,17,18
TUVC,[16,10] 20,19,18,17,16,15,14,13,13,14,15,16,17,18,19,20
TUVCy[4,12] 12,12,12,12

TUVCy[6,12] 12,12,12,12,12,12
TUVCy[8,12] 13,12,12,12,12,12,12,13
TUVC[10,12] 15,14,13,12,12,12,12,13,14,15
TUVC{[12,12]  17,16,15,14,13,12,12,13,14,15,16,17
TUVC,[14,12] 19,18,17,16,15,14,13,13,14,15,16,17,18,19
TUVC[16,12] 21,20,19,18,17,16,15,14,14,15,16,17,18,19,20,21
TUVCy[4,14] 14,14,14,14

TUVCy[6,14] 14,14,14,14,14,14
TUVCy[8,14] 14,14,14,14,14,14,14,14
TUVC,[10,14] 16,15,14,14,14,14,14,14,14,15,16
TUVC{[12,14]  18,17,16,15,14,14,14,14,15,16,17,18
TUVC[14,14] 20,19,18,17,16,15,14,14,15,16,17,18,19,20
TUVC[16,14] 22,21,20,19,18,17,16,15,15,16,17,18,19,20,21,22
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Table 4

The number of rows with eccentricity of q,
when p is even

p4 6 8 10 12 14 16 18 20 22

0 4 6 4 2 0 0 0 0 0 0
2 4 6 6 4 2 0 0 0 0 0
4 4 6 8 6 4 2 0 0 0 0
16 4 6 8 8 6 4 2 0 0 0
18 4 6 8 10 8 6 4 2 0 0
20 4 6 8 10 10 8 6 4 2 0
2 4 6 8 10 12 10 8 6 4 2

We can combine Theorems 1 and 2 in the fo-
llowing theorem:

Theorem. Suppose 7 = T[p, ¢] denotes an
armchair polyhex nanotube with parameters p and
q. Then the eccentric connectivity index of T is
computed as follows:

3p-2) psgﬂ

35 1
E(G)= Zq3+5q2+2q—54p+3qp2 %+1<péq

9 2 7 3 2 2 5
—gp ——qp+=q°p—q° += >q+1
4‘117 2‘117 2‘1 p—q 46] p=4q

3. CONCLUSIONS

In this paper the eccentric connectivity index
of an armchair nanotube is computed for the first
time. To the best of our knowledge it is the first
paper considering the eccentric connectivity index
of nanotubes into account. We present a powerful
method for calculating such indices. It is possible
to extend our method to a zig-zag polyhex nano-
tube.
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