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Photographic slides of an aperiodic dodecagonal tiling were used as two-dimensional diffraction
gratings to describe and demonstrate the basic properties of dodecagonal quasicrystals. This paper com-
plements our earlier publication on Penrose (decagonal) and Ammann (octagonal) quasicrystals, where
we constructed and presented the corresponding diffraction gratings.
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JOAEKATOHAJIHA KBABUKPUCTAJIN: KOHCTPYKIIUJA HA 2D PEHIETKH
N JEMOHCTPAIIUHU CO JTUOAEH JIACEP

[Tpu omucoT U JeMOHCTpalMjaTa Ha OCHOBHHUTE CBOjCTBA HA JOJEKArOHAIHHM KBa3UKPUCTAIU CE

ynorpedbenu ¢ororpadcku ciajaoBu (co ymnorpeda Ha Mjalo3UTHB  (QMIM) Ha anepuoJyHa
JIO/IeKaroHAIHA TeceNnalnja Kako CBOCBUIHN JBOTUMEH3NOHATHN AU(PPAKIIHOHN PEIIETKU. Pakomicor ja
JIOTIONIHYBA HAIIaTa MPETXO/HA TyOIHKAIlHja, TIOCBETEHA HA TIEHPOY30BCKH (ICKarOHATHN) M aMaHOBCKH
(OKTaroHaJgHW) KBa3WKPHCTANH, BO KOja Oea KOHCTPYMpPaHU M NPHKa)XaHH CBOjCTBATA HA COOJBETHHTE
IU(PAKIUOHA PEIICTKH.

Kiay4ynu 300poBH: KBa3UKPHCTANIH, AOJACKarOHAHA TECeNalyja; TuPpakKIHnOHN IPUKA3H; JHOIHH JIacepu

1. INTRODUCTION

Continuing our passion for chemistry
demonstrations, particularly demonstrations of in-
triguing phenomena, we felt appropriate to offer
one more paper devoted to quasicrystals, this time
paying attention to dodecagonal quasicrystals (i.e.,
quasicrystals with "forbidden" 12-fold axes of
symmetry).

The problem of an aperiodic tiling of a plane
(see definition given later in the text) is most com-
monly mentioned in connection with Penrose’s so-
lution, in terms of two different sets of two proto-
tiles.%2 While the problem was initially considered a
mathematical curiosity, more or less, the discovery

of quasicrystals (i.e., ordered solid state structures
with no translational symmetries) in 1984%* dramat-
ically changed the significance of Penrose’s solu-
tion, as confirmed by the number of citations of the
papers relevant to this breakthrough in crystallog-
raphy. While the very article by Penrose? has been
cited less than 1000 times in almost 50 years (1974—
2021), according to the Clarivate Analytics data-
base,® in a significantly shorter period (1984-2021),
there exist more than 5300 citations of the work of
Shechtman,® and more than 1500 citations of the
work of Levine and Steinhardt.* The Nobel Prize for
chemistry in 2011, awarded to Shechtman,® is an-
other indication of the significance of this outstand-
ing discovery.
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While decagonal quasicrystals (i.e., those of
the Penrose type) are relatively numerous, dodecag-
onal quasicrystals, which were discovered later, are
somewhat rare (see [7] and the references therein).
Thus, in the paper of Sadoc & Mosseri (published in
the monograph edited by Jari¢ & Lundqvist®), dode-
cagonal quasicrystals were considered from a purely
theoretical point of view.

In this paper, we attempt to complement our
previous work on Penrose and Amman tilings &
quasicrystals® by constructing planar dodecagonal
quasicrystal lattices and presenting photographs of
their optical transforms. In our earlier work, as well
as in the present publication, we simply follow the
approach outlined in the excellent paper of Lisensky
et al.,’ a publication devoted to lecture demonstra-
tions of the properties of ordinary 2D crystals.

2. APERIODIC CRYSTALS AND APERIODIC
TILINGS: THE DODECAGONAL CASE

To summarize the important parts of our
first paper:® there are three basic types of tilings of

the plane: periodic, non-periodic and aperiodic. A
tiling is periodic if it allows a proper translational
symmetry. If a tiling does not have any proper
translational symmetries, but the same set of proto-
tiles allows some other tiling with translational
symmetries, then the tiling is called non-periodic.
A tiling is aperiodic if there is no periodic tiling
over the same set of prototiles. The existence of
aperiodic tilings was first established by Berger in
1966, who initially found an aperiodic tiling over
a set of 20426 prototiles. This huge number was
decreased several times during the following dec-
ade, culminating in 1973/1974, when Penrose®
found two sets of aperiodic tilings with only two
prototiles! Further details on this can be found in
our previous paper.’

The dodecagonal tiling we are discussing in
this paper is made with two prototiles: a square and
an equilateral triangle, both having equal sides.
The initial partial tiling is given in Figure la. We
call it the initial dodecahedron. It gives us the first
iteration of the tiling procedure.

Fig. 1. Dodecagonal tiling: a) the first iteration; b) the second iteration; c) the third iteration;
d) dodecagonal non-periodic tiling of a plane with squares and equilateral triangles
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The symmetry group of this first iteration is
the same as the symmetry group of the central hex-
agon shown in Figure 1a, which in turn is the dihe-
dral group Dy, generated by the rotation around

the center of the hexagon through 60° and by the
reflection through the vertical line passing through
the center.

In the next step of the tiling procedure, we
attach 6 more dodecahedra, as shown in Figure 1b,
to get the second iteration. Note the yellow trian-
gular gaps between the dodecahedra; they now be-
come a part of the tiling so far. In the following
step, we attach copies of the initial dodecahedron
to the second iteration, as shown in Figure 1c,
yielding the third iteration. Note the gaps again:
they are star-shaped, tiled with a square and four
triangles, as shown in white and yellow. The tiling
of the plane is then obtained by iterating this pro-
cedure ad infinitum. A part of it (the sixth iteration)
is shown in Figure 1d. Observe that the initial do-
decahedron, which is in the center of Figure 1d, is
the only dodecahedron we have used in our itera-
tion that is not adjacent to a star-shaped gap, as
described in the preceding paragraph. This pre-
cludes any translations from being symmetries of
the tiling, which makes the tiling non-periodic. Its
symmetry group is the dihedral group D, noted

above.

3. CONSTRUCTION OF DODECAGONAL
LATTICES AND THEIR DIFFRACTION
PATTERNS

Construction of 2D diffraction gratings for
the dodecagonal quasicrystals was performed as
previously described.® We used the sixth iteration
of the tiling, leaving only the vertices (i.e., points).
The final result is similar to that presented in Fig-
ure 2, except that the point-density is much larger
in reality.

The latter pictures (with a point density of
some 100 points/cm?) were photographed, and
slides were used as diffraction gratings.

A red laser pointer (the wavelength A was
unspecified, but is usually in the range between
650 and 670 nm, and P < 5 mW) or green laser
(He-Ne laser, product of Edmund Scientific, with 1
= 543 nm and P = 0.5 mW) was fastened on a
stand. After passing through the prepared diffrac-
tion grating of the dodecagonal 2D quasicrystal,
the non-diffracted beam was aimed (as precisely as
possible) at the center of a Cartesian coordinate
system that was drawn on a piece of thick drawing
paper, which was used as a screen (see Fig. 3).
This screen was placed vertically, at a distance of
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about 4 m from the grating (the disposition was
horizontal). The distance between the grid lines on
the screen was 0.5 cm. The lights in the room
could be on (as in Fig. 3), allowing for the grid to
be seen, or off (as in Fig. 4) to remove the distract-
ing grid lines. Obviously, the scattering angles, 6,
are rather small (the tand values are typically be-
tween 0.01 and 0.02). Figure 4 clearly shows that
the diffraction pattern depends on the wavelength
of the incident radiation: the larger the wavelength,
the larger the diffraction angle 6. This is discussed
in more detail later in the text. It should be noted
that the resulting pattern is quite similar to that ob-
tained on real quasicrystal (e.g., tantalum tellu-
ride!13),

Fig. 2. Part of the lattice of the 2D dodecagonal quasicrystal

Fig. 3. Diffraction pattern of the 2D dodecagonal quasicrystal
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Fig. 4. Overlapped patterns using both red and green lasers

As in the case of the Penrose and Amman
gratings,® the diffraction patterns of the quasicrys-
tal lattices differ markedly from those of true crys-
tals. Namely, in 2D crystals, the spots are seeming-
ly equidistant (again, this is a consequence of the
translational symmetry), and their intensity fades
out with the order of the diffraction spot. There is a
minimum distance between the central maximum
(the spot occurring from the simply transmitted
beam) and the spots corresponding to the first or-
der maxima. Also, the diffraction spots in a true
crystal are seemingly equidistant (Fig. 5a).

In all quasicrystals, the density of the spots
is much higher (when compared with that in true
crystals) and seemingly irregular (a consequence of
the absence of translational symmetry), albeit that
the intensity of the spots varies in an unexpected
manner. Numerous diffraction spots are present in
the interior of the diffraction picture (Figs. 5b—d).

a b
c d

Fig. 5. Diffraction patterns of (a) hexagonal crystal; (b) dodecagonal quasicrystal;
(c) Penrose (decagonal) quasicrystal; and (d) Amman (octagonal) quasicrystal
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It might be interesting to mention that, alt-
hough we deal with gratings that serve as models
for 2D quasicrystals (not for ordinary crystals), it
is still possible to estimate the wavelength of the
red laser’s radiation, using the equation of Bragg’s
law, irrespectively of the fact that it was originally
derived for periodic structures. Thus:

nA=2dsiné

where n is the order of diffraction, and d is the in-
terplanar spacing (in our case it would better corre-
spond to interline spacing). Due to the fact that tan
6 values are small, one could safely use the ap-
proximation sin 6 = 8 = tan 6. If only the matching
diffraction spots from the two pictures are consid-
ered, and recalling that the distance (L) between
the grating and the screen is fixed, one easily
comes to the following pair of equations:

Ared = constant Yred
},gm ~ constant ygrn

and finally:

ﬂ’red =4 m M

9
ygrn

The values of yreq and ygm (the y-coordinates
of the matching diffraction spots on the y axis)
read from the screen (with a slight correction for
the off-center position of the read beam) were 6.7
and 5.5 cm, respectively. Given that Agm = 543 nm,
the wavelength of the red laser was estimated as
Ared = 650 nm, which is within the limits of expec-
tation.

2. CONCLUSION

We describe a simple method for construct-
ing 2D diffraction gratings of dodecagonal quasi-
crystals. The method offered is intended to com-
plement our previous publication,® and may be used
as an additional educational tool for studying quasi-
crystals and their properties, and particularly for
exploring their unusual symmetries.

Acknowledgement. The authors would like to express
their sincere thanks to M. Sc. Robert Jankuloski, assistant
professor at the University of Audiovisual Arts European Film
and Theatre Academy ESRA Paris—Skopje-New York, Pho-
tography Department, for preparing and supplying us with the
photographic material (both the photographic slides used as
diffraction gratings and the photos presented in this work).

Maced. J. Chem. Chem. Eng. 41 (1), xx-xx (2022)

Sincere thanks is also extended to the reviewer of the
manuscript for the suggestions made. Unfortunately, due to
the somewhat rigid policy of the publisher of Ref. 13 (Else-
vier), readers are unable to witness the astonishing similarity
between the diffraction pattern of a real dodecagonal quasi-
crystal and the optical transform of our quasicrystal grating.

REFERENCES

[1] http://jwilson.coe.uga.edu/emat6680fa05/schultz/
penrose/penrose_main.html, Penrose Tilings, Kyle
Schultz (accessed October 19, 2021).

[2] Penrose, R.; The Role of Aesthetics in Pure and Applied
Mathematical Research, Bull. Inst. Maths. Appl. 1974,
10, 266-271.

[3] Shechtman, D.; Blech, I.; Gratias, D.; Cahn, J. W. Me-
tallic Phase with Long-Range Orientational Order and
No Translational Symmetry, Phys. Rev. Lett. 1984, 53,
1951-1953.
https://doi.org/10.1103/PhysRevL ett.53.1951

[4] Levine, D.; Steinhardt, P. J. Quasicrystals: A New Class
of Ordered Structures, Phys. Rev. Lett. 1984, 53, 2477—
2480. https://doi.org/10.1103/PhysRevLett.53.2477

[5] https://guides.lib.umich.edu/citation/WebofScience,
Research Impact Metrics: Citation Analysis (accessed
October 19, 2021).

[6] http://physics.aps.org/story/v28/st14,  Nobel  Prize-
Discovery of Quasicrystals (Google search, accessed
October 19, 2021).

[7] Ishimasa, T. Dodecagonal Quasicrystals Still in Pro-
gress, Isr. J. Chem. 2011, 51, 1216-1225.
https://doi.org/10.1002/ijch.201100134

[8] Sadoc, J.-F.; Mosseri, R. Quasicrystalline Structures:
Examples in 2D of a New Generation Method. In Jaric,
M. V. & Lundqgvist, S. (Editors), Quasicrystals, World
Scientific: Singapoore, 1990; pp 169-179.

[9] Petrusevski, V. M.; Kalajdzievski, S. M.; Najdoski, M.
7. Quasicrystals: Comparison with Crystals, Construc-
tion of 2-D Lattices, and Demonstrations Using a Laser
Pointer, Chem. Educator 2003, 8, 358-363.

DOI: 10.1333/s00897030738a, 860358vp.pdf.

[10] Lisensky, G. C.; Kelly, T. F.; Neu, D. R.; Ellis, A. B.
The Optical Transform: Simulating Diffraction Experi-
ments in Introductory Courses, J. Chem. Educ. 1991, 68,
91-96. https://doi.org/10.1021/ed068p91

[11] Berger, R. The Undecidability of the Domino Problem,
Memoirs Amer. Math. Soc 1966, 66, pp 1-72.

[12] https://www.google.com/search?q=dodecagonal+quasi-
crystals+diffraction+pattern&tbm=isch&tbo=u&source=
univ&sa=X&ei=5R3JUoSwBIle0ywPLvoG4CA&ved=0
CCIQsAQ&biw=1024&bih=367. Dodecagonal Quasi-
crystals Diffraction Pattern (accessed October 19, 2021).

[13] Conrad, M.; Krumeich, F.; Reich, C.; Harbrecht, B.
Hexagonal Approximants of a Dodecagonal Tantalum
Telluride — the Crystal Structure of Ta2iTeis, Mat. Sci.
Eng. 2000, 294-296, 37-40.

DOI: https://doi.org/10.1016/S0921-5093(00)01150-3


http://jwilson.coe.uga.edu/emat6680fa05/schultz/%20penrose/penrose_main.html
http://jwilson.coe.uga.edu/emat6680fa05/schultz/%20penrose/penrose_main.html
https://doi.org/10.1103/PhysRevLett.53.1951
https://doi.org/10.1103/PhysRevLett.53.2477
https://guides.lib.umich.edu/citation/WebofScience
http://physics.aps.org/story/v28/st14
https://doi.org/10.1002/ijch.201100134
https://pubs.acs.org/doi/10.1021/ed068p91
https://pubs.acs.org/doi/10.1021/ed068p91
https://doi.org/10.1021/ed068p91
https://www.google.com/search?q=dodecagonal+quasicrystals+diffraction+pattern&tbm=isch&tbo=u&source=%20univ&sa=X&ei=5R3JUoSwBIe0ywPLvoG4CA&ved=0CCIQsAQ&biw=1024&bih=367
https://www.google.com/search?q=dodecagonal+quasicrystals+diffraction+pattern&tbm=isch&tbo=u&source=%20univ&sa=X&ei=5R3JUoSwBIe0ywPLvoG4CA&ved=0CCIQsAQ&biw=1024&bih=367
https://www.google.com/search?q=dodecagonal+quasicrystals+diffraction+pattern&tbm=isch&tbo=u&source=%20univ&sa=X&ei=5R3JUoSwBIe0ywPLvoG4CA&ved=0CCIQsAQ&biw=1024&bih=367
https://www.google.com/search?q=dodecagonal+quasicrystals+diffraction+pattern&tbm=isch&tbo=u&source=%20univ&sa=X&ei=5R3JUoSwBIe0ywPLvoG4CA&ved=0CCIQsAQ&biw=1024&bih=367

